The transition between two basic structures, a disk and an enclosed vesicle, of a finite membrane is studied by examining the minimum energy path (MEP) connecting these two states. The MEP is constructed using the string method applied to continuum elastic membrane models. The results reveal that, besides the commonly observed disk and vesicle, open vesicles (bowl-shaped vesicles or vesicles with a pore) can become stable or metastable shapes. The emergence, stability, and probability distribution of these open vesicles are analyzed. It is demonstrated that open vesicles can be stabilized by higher-order elastic energies. The estimated probability distribution of the different structures is in good agreement with available experiments.
I. INTRODUCTION
Amphiphilic molecules such as lipids, surfactants, and block copolymers dissolved in water can form various structured aggregates including spherical and cylindrical micelles, disklike membranes, as well as open and closed vesicles [1] [2] [3] [4] . The formation of, and transition between, these fascinating structures have attracted tremendous attention [1] [2] [3] [4] [5] [6] [7] [8] [9] [10] [11] [12] . In particular, the disk-to-vesicle transition has been recently examined experimentally and theoretically [13] [14] [15] [16] [17] [18] [19] [20] [21] , motivated by the rich physics contained in this simple system, as well as by its biological implications and potential applications in drug delivery [13, 22] .
It is generally believed that the competition between the line tension of membrane edge and the bending rigidity of the membrane dictates most of these shape transitions [1] . In particular, the disk-to-vesicle transition presents a paradigm for the study of the competition between edge energy and bending energy of a finite membrane. When the edge energy or line tension is large, closed vesicles that minimize the edge energy at the cost of bending energy prevail, whereas the disks, which minimize the bending energy at the cost of edge energy, dominate the small line tension region. It is widely accepted that there is no metastable (or stable) intermediate along the disk-to-vesicle transition. However, previous experiments [13, 23, 24] have revealed that intermediate open vesicles, in the form of vesicles with small pores or bowl-shaped structures, can be metastable or even stable. It is therefore desirable to revisit the disk-to-vesicle transition to understand and resolve this discrepancy.
In general, two major theoretical challenges for the study of membrane deformation are as follows: (1) predicting the equilibrium membrane shapes analytically or numerically (e.g., Refs. [1, 8, 9] ), and (2) obtaining transition pathways connecting the different equilibrium shapes (e.g., Ref. [25] ). In the current study, we focus on transition pathways connecting * lijf@fudan.edu.cn † shi@mcmaster.ca the two simplest shapes, i.e., disk and vesicle, of a finite membrane. In the context of the classic continuum elastic membrane model [8] [9] [10] , this transition has been previously studied either by solving the shape equations [9] to obtain the minima (or maxima) along the transition pathway, or by assuming some particular intermediate shapes along the transition pathways to examine the transitions between the different shapes [5] [6] [7] 26] . For the disk-to-vesicle transition, solving the shape equations of an open membrane with a free edge is a highly nontrivial problem. The free-boundary shape equation related to open membranes has been studied by a large number of researchers [26] [27] [28] [29] [30] . Recently, Umeda et al. [20] applied the Tu and Ou-Yang's method [28, 29] to the disk-to-vesicle transition. By including the area difference between the two monolayers, or leaflets, of the bilayer membrane energy into the Helfrich energy, they obtained various metastable or stable intermediate open vesicles. Therefore, they had resolved, to some extent, the problem of missing metastable intermediate states observed in the experiments [13, 23, 24] . On the other hand, the solutions of the shape equation correspond to the minima or maxima of the energy landscape. Information about the transition pathway itself, which connects these extrema, is still missing. A previous study of the transition pathway is carried out by assuming that the intermediate shapes of the membrane are a series of spherical caps [5] [6] [7] 26] . This spherical-cap model (SCM) essentially assumes that the reaction coordinate of the disk-to-vesicle transition is specified by the spherical caps. This simple model captures some important features of the disk-to-vesicle transition. However, this SC model failed to predict the metastable intermediate states observed in experiments. Furthermore, within the framework of the Helfrich model, Tu [31] proved that the spherical cap cannot be a stable open vesicle, thus it is desirable to go beyond the spherical-cap approximation. It should also be noticed that most of the theoretical studies of membrane shape transitions are based on the linear elastic (Helfrich) model, in which the contribution from the higher-order terms of the bending energy is neglected. On the other hand, recent experiments and theoretical analysis [32] [33] [34] [35] have demonstrated that the higherorder contributions to the elastic bending energy of bilayer membranes can be significant and thus cannot be ignored under certain circumstances. In particular, it is important to examine whether the higher-order blending energy contributions could stabilize some intermediate states.
The key to thoroughly understand the disk-to-vesicle transition is to construct the most probable transition pathway connecting the two structures. According to large deviation theory, the most probable transition path connecting two stable states is a minimum energy path (MEP) of the free-energy (F ) landscape of the system. Mathematically, a MEP is a one-dimensional path, φ, in the configuration space, which is characterized by a vanishing normal component of the freeenergy gradient on the path, (∇F ) ⊥ (φ) = 0. Geometrically, the MEP can be viewed as a one-dimensional curve or string in the configuration space [36] . Specifically for the disk-to-vesicle transition, a MEP is a string in the shape space connecting the disk and vesicle states. It has been shown that the MEP can be computed using a dynamical evolution method, or the string method [36, 37] . The string method has been proven to be an effective technique for the construction of MEPs in various systems including membrane adhesion [38] , capillary condensation [39] , vesicle pore formation [40] , and phase transitions of block copolymers [41, 42] . In the current work, the MEP of the disk-to-vesicle transition is constructed using the string method applied to the elastic membrane model of symmetric bilayers [43] . The MEP provides full information about the transitions between the two stable states, including intermediate metastable or stable open membrane shapes. Furthermore, the MEP can be used to estimate the probability distribution of these intermediates.
II. METHODOLOGY
In the classical continuum membrane model [8] [9] [10] , a bilayer membrane is modeled by a smooth surface [44] . For the disk-to-vesicle transition, the free energy of an open membrane consists of the bending energy of the surface (S) and the edge energy of the open boundary (∂S),
where γ is the line tension, H the mean curvature, and K the Gaussian curvature. κ, κ G , and κ i are the bending, Gaussian, and fourth-order moduli, respectively. It should be noticed that the commonly used Helfrich energy only contains terms up to the second order [8] . The higher-order terms are kept here for generality [32] [33] [34] [35] . We will also examine their effects on the stability of the intermediate open vesicles. In the parallel surface model, the higher-order terms come from Taylor expansion of the bilayer energy [45] . Since only symmetrical bilayer membranes are considered [43] , odd-order terms are excluded in F . For simplicity, the membrane shape is assumed to be axisymmetric and the membrane area is kept constant during the transformation. Under these assumptions, the free energy of the membrane can be cast in . In terms of φ, the area element, mean, and Gaussian curvatures can be expressed as dA = 2πr(r 2 + z 2 ) 1/2 ds, H = c 1 + c 2 , and K = c 1 c 2 , with the two principal curvatures specified by
where the derivatives with respect to the variable s are denoted by X ≡ ∂X/∂s. The string method of MEP starts from an initial string, φ(s,α; t)| t=0 , which is parametrized by a variable α (α ∈ [0,1]) such that α = 0 corresponds to the disk and α = 1 the vesicle. This string variable α can be taken as the radius of the open edge, α = 1 − r(1)/R 0 . In order to obtain the MEP, the initial string is evolved according to the dissipative dynamic equation [36, 37] ,
where τ is the unit tangent vector of φ defined by 2 dA, and v = r ,z . The Lagrange multiplier η is determined by the parametrization of the string, while λ ensures a constant membrane area. In practice, explicit evaluation of the Lagrange multiplier η is not required in the numerical implementation. Instead an equal arc length parametrization of the string is enforced by using the interpolation method proposed by E et al. [37] . The gradient of the energy landscape (∇F ) (φ) is evaluated numerically based on the discrete variational principles [46, 47] (see the Appendix). A string is represented by 100 structures or 100 shapes in the configuration space. The initial string is taken as a series of spherical caps. Furthermore, each shape in the calculation is represented by 90 discrete points, or the variable s is discretized into 89 segments. The MEP of the transition is obtained when the evolution equation reaches a steady state, φ(s,α) MEP = φ(s,α; t)| t=∞ . In what follows we present results on the disk-to-vesicle MEPs for two models, the linear Helfrich model with κ 1 = κ 2 = κ 3 = 0, and the nonlinear Helfrich model with some specific choices of nonzero κ 1 , κ 2 , and κ 3 . These MEPs are then used to search for stable and metastable intermediate states. The probability of finding these intermediates (bowl-like membranes and vesicles with small pore) is estimated by noticing that, with the availability of the MEP, the probability of finding a membrane shape with string parameter α is proportional to exp {−F (α)/k B T } with F (α) the free energy of the MEP.
III. RESULTS
We first examine the case of the linear Helfrich model with κ 1 = κ 2 = κ 3 = 0 [Eq. (1)]. Since the energy can be scaled by the bending modulus κ, the results are shown with a fixed κ and varying γ and κ G (Fig. 1) . The first obvious result from the MEP shown in Fig. 1 is that the spherical cap model [48] overestimates the MEP and spherical caps are clearly not representation of the intermediates on the MEP. Indeed, we have numerically shown that a spherical cap is not a stable shape along the transition, in agreement with the earlier study of Tu [31] within the framework of the Helfrich model. Furthermore, the string method predicts a metastable open vesicle with a small pore along the transition. The depth of the potential well is about 0.06κ ≈ 1.8k B T if we take κ = 1.2 × 10 −19 J and γ R 0 /4κ = 0.8 [13] . This metastable intermediate may correspond to the transient vesicle pores observed in the viscous solutions by Saito et al. [23] . Metastable open vesicles have been also obtained by solving the shape equations (see Umeda et al. [20] ). The shape phase diagram of the transition can be constructed by examining the extrema of the MEP (Fig. 2) . It is observed that the metastable vesicles with a small pore exist only in a small region labeled "D + Pore" shown in Fig. 2 . The phase boundary between "D + V" and "V" defines the critical line tension of the disk, beyond which the disk becomes absolutely unstable and it will transform into vesicle spontaneously. For the linear Helfrich model, this phase boundary can be obtained analytically by solving the free-boundary shape equations and it is determined by a transcendental equation [28] ,
where J 0 and J 1 are the zeroth-and first-order Bessel functions of the first kind, andγ = γ R 0 /4κ is the reduced line tension. Clearly, the critical value depends on the Gaussian modulus κ G . It is interesting to notice that, with this set of model parameters, the MEP predicts the existence of a metastable bowl-like membrane and a stable vesicle with a small pore. The difference between the minimum energies corresponding to these two intermediates is small, indicating that they may coexist under some conditions (also see Fig. 5 ). The shapes of these open membranes are obviously different from those of the linear case (κ 2 = 0, Fig. 1 ). In the case of the linear membrane model, the membrane edges tend to curl up (c 2 > 0) because the membranes tend to maintain a zero mean curvature near the edge. For the nonlinear model, the membrane edges are more straight (c 2 ≈ 0) because of the energetic penalty of κ 2 K 2 . This phenomenon can be better understood by examining one of the boundary conditions in the free-boundary shape equations [28] ,
As can be seen from this boundary condition at the open edge, for the linear case we have c 2 = −(κ + κ G )c 1 /κ > 0, because the principal curvature c 1 perpendicular to the axial direction is mostly negative. Note that c 2 > 0 corresponds to a curling-up edge while c 2 = 0 leads to a straight edge (along the axial direction). Therefore a negative Gaussian modulus tends to flatten the edge (in particular, c 2 = 0 if κ G = −κ); this phenomenon has been also noticed by Yao et al. [12] . For the nonlinear case, c 2 = −(κ + κ G )c 1 /(κ + κ 2 c 2 1 ), implying that the principal curvature c 2 will be small for a large κ 2 , i.e., a big κ 2 will also flatten the membrane edge. It is interesting to point out that the membrane shapes observed in the experiments [13] are closer to those of the nonlinear case (κ 2 = 0), implying that the higher-order curvature energies may contribute significantly in this case. Also by comparing these shapes, we have confirmed in theory that the experimentally observed intermediates mostly follow the MEPs. More results of the present case are summarized in the phase diagram (the upper panel in Fig. 4 ). The MEP depicted in Fig. 3 corresponds to a point in the phase region "Bowl + Pore." Besides "Bowl + Pore" some bowl-like membranes in the "Bowl + V" region are stable while vesicles with the pore in the "Pore" are stable. Although the theory predicts the existence of open vesicles as stable and metastable states of a finite membrane, care must be taken when making direct comparison of the phase diagram shown in Fig. 4 with experiments. For example, the reduced Gaussian modulus (κ G /κ) of lipid membranes is normally about −1, while the phase diagram of Fig. 4 predicts that open vesicles with a small pore can be stable for κ G /κ > −0.75 with κ 2 /κR 2 0 = 0.25. On the other hand, it is interesting to notice that the Gaussian modulus κ G can be mediated by the spontaneous curvature of the monolayer [45] . In order to make a detailed comparison with experiments, accurate values of the elastic moduli are desirable.
The effects of the other nonlinear terms have been also examined by computing the MEPs for nonzero κ 1 . The results (see the lower panels in Fig. 4 ) reveal that the κ 1 H 4 term has a similar effect as that of the κ 2 term. That is, a positive κ 1 will stabilize the bowl-like membranes. On the other hand, for the cases of a negative κ 1 or a negative κ 2 or any nonvanishing κ 3 alone (with κ 1 = κ 2 = 0), a smooth membrane would not be stable because the higher-order energy terms of these three cases are not positive definite. In general, the positivedefinite condition is κ 1 + κ 2 0 and 4κ 1 κ 2 κ 2 3 , and there are many combinations of κ 1 , κ 2 , and κ 3 satisfying the positivedefinite conditions. For a given set of the higher-order modulus, it is straightforward to examine their transition pathways using the string method.
An estimation of the probability distribution function (PDF) of the intermediate states requires the knowledge of the entire transition pathway. To match the experiment parameters [13] , we set κ = 1.2 × 10 −19 J, κ G = 0, R 0 = 10 μm, and κ 2 /R 2 0 κ = 0.25; the value of γ obeys the normal distribution with a standard deviation γ = 0.02 pN. We explore three typical mean line tensions, 0.062, 0.094, and 0.12 pN, respectively (the correspondingγ 's are 1.29, 1.96, and 2.5). The PDFs are shown in the lower panels of Fig. 5 . Based on these PDFs, the probabilities of finding the four typical shapes (disk, bowl, vesicle with a pore, and closed vesicle) are integrated and presented in the upper panels. For a large value of γ (0.12 pN), almost no open membranes are observed. As the line tension is decreased from 0.094 to 0.062 pN, the percentage of the open membranes is predicted to rise from 17.1% to 73.2%. These results are consistent with a recent experiment [13] , in which photosensitive molecules (KAON12) are used to reduce the line tension of the membrane in order to stabilize bowl-like and cuplike membranes. For simplicity, our calculations were carried out for the cases with zero spontaneous curvature. For membranes with nonzero spontaneous curvatures, it is expected that intermediate open vesicles may become stable states, similar to the cases of area-difference models studied by Umeda et al. [20] , which exhibit stable open vesicles under certain conditions. In the current work we focus on the methodology of finding the transition pathways between the disk and vesicle states and the effect of the higher-order elastic bending terms, and we leave the case of nonzero spontaneous curvature to a future study.
IV. CONCLUSION
In summary, we have examined the disk-to-vesicle transitions of finite membranes by constructing the minimum energy path (MEP) connecting these two states. Specifically, the MEPs are obtained by applying the string method to the classical linear and nonlinear elastic membrane models. 
APPENDIX: EVALUATION OF THE GRADIENT (∇ F)(φ)
In this Appendix we provide some details of the numerical procedures to evaluation of the functional gradient of the free energy (∇F ) (φ). Mathematically (∇F ) (φ) is the variational derivative of the free energy F with respect to the variable φ. For an open membrane with rotational symmetry about the z axis, a naive discretization of the space will encounter a singularity at the central bottom point (z = r = 0). Furthermore, care must be taken to treat the boundary condition at the free edge of the membrane.
Based on the discrete variational principle [46, 47] , a discretization scheme can be developed for the open membrane problem. This scheme preserves the symmetry of the free-energy functional. With this scheme, the singularity at the bottom of the membrane can be removed by a proper formulation of the discrete free-energy density at this point and the boundary conditions at the free edge are automatically satisfied. In our numerical calculations, we discretize the free energy (action) first and then perform the variation of the discrete energy to obtain the discrete gradient (∇F ) (φ). This procedure ensures that the symmetry of the system is preserved. Symmetric schemes also lead to better numerical stability.
For an axisymmetric open membrane, its shape is described by the position of the membrane R(s) = [r(s),z(s)]. In the discretized description, the membrane shape is represented by
It is convenient to define the following variables,
These quantities near the bottom point (i.e., k = −1,0,1) are specified by the following symmetric scheme, 
where f (H,K) = κ 2
The expression of the discretized energy functional [Eq. (A1)] allows the numerical calculation of the discrete variational derivatives [49] ,
where a is a sufficiently small real number and k = 0,1, . . . ,N. It should be noticed that the discrete variational derivative can be obtained analytically from the energy functional, δF δr(k) = ∂F (r(1),r (2), . . . ,r(N )) ∂r(k) ,
with a similar expression for δF /δζ (k). In practice, obtaining explicit expressions of these derivatives are quite tedious. In our calculations we employed the numerical variation scheme [Eqs. (A2) and (A3)] to calculate these functional derivatives.
Finally we would like to point out that the boundary conditions at the free edge are automatically satisfied in our discretization expressions. Specifically the derivatives at the free edge are given by δF /δr(N − 1) = 0, δF /δr(N ) = 0, and δF /δζ (N ) = 0, corresponding to the three boundary conditions in the shape equations of open membranes [20, [27] [28] [29] .
